There are 11 closed 4-manifolds which admit geometries of compact type (S 4 , CP 2 or S 2 x S 2 ) and two other closely related bundle spaces (S 2 xS 2 and the total space of the nontrivial RP 2 -bundle over S 2 ). We show that the homotopy type of such a manifold is determined up to an ambiguity of order at most 4 by its quadratic 2-type, and this in turn is (in most cases) determined by the Euler characteristic, fundamental group and Stiefel-Whitney classes. In (at least) seven of the 13 cases, a PL 4-manifold with the same invariants as a geometric manifold or bundle space must be homeomorphic to it.
Introduction
In this paper we shall attempt to characterize up to homotopy equivalence or homeomorphism the closed 4-manifolds which admit geometries of compact type (and two other closely related bundle spaces), in terms of the Euler characteristic, fundamental group and Stiefel-Whitney classes. The corresponding question for the geometries of noncompact type was considered in two earlier papers [9] and [10] . The solvable aspherical cases correspond to the 4-dimensional infrasolvmanifolds, and these may be characterized up to homeomorphism by the conditions x -0 and n x has a nilpotent normal subgroup of Hirsch length at least 3 [9] . In the other aspherical cases the possible fundamental groups are not yet well understood, but all contain nonabelian free subgroups, and the 5-dimensional s-cobordism theorem is not known over such groups. The three geometries with models homeomorphic to S 2 x R 2 or S 3 x R were studied in greater detail in [10] .
There are three geometries with compact models, namely S 4 ,CP 2 , and there are two other such bundle spaces covered by 5 2 x5 2 . The universal covering space M of a closed 4-manifold M is homeomorphic to S 2 x S 2 if and only if n = n x {M) is finite, X(M)\TT\ = 4 and w 2 {M) = 0. (The condition w 2 (M) = 0 may be restated entirely in terms of M, but at somewhat greater length). If these conditions hold and n is cyclic then M is homotopy equivalent to an S 2 x 5 2 -manifold, except perhaps when n = Z/2Z and M is nonorientable, in which case there are at most two other homotopy types. However we have not been able to characterize completely the possible itinvariants when n = (Z/2Z) 2 . Moreover, there is a further ambiguity of order at most 4 in determining the homotopy type. If x (M) \n \ = 4 and w 2 (M) ^ 0 then n = 1 or M is nonorientable and it = Z/2Z; in the latter case M = 5 2 x5 2 , there are at most two possible actions of n on Z 2 , for each of which the ^-invariant lies in a trivial group, and there is a further ambiguity of order at most 2.
The number of homeomorphism classes within each homotopy type is at most two if n = Z/2Z and w 2 (M) = 0, at most four if it -Z/TL and w 2 (M) ^ 0 or n = Z/4Z, and at most eight if n = (Z/2Z) 2 . We do not know whether there are enough exotic self homotopy equivalences to account for all the normal invariants with trivial surgery obstruction. However a PL 4-manifold with the same homotopy type as a geometric manifold or S 2 x S 2 is homeomorphic to it, in (at least) nine of the 13 cases. (In seven of these cases the homotopy type is determined by the Euler characteristic, fundamental group and Stiefel-Whitney classes). In the next section we shall see that these eight geometric manifolds may be distinguished by their fundamental group and Stiefel-Whitney classes. Since ) restricts nontrivially to the fibre, and so is a splitting homomorphism for the homomorphism induced by the inclusion of the fibre). They may be distinguished by their orientation double covers, and each is geometric.
Bundle spaces

The action of n on n 2
The two inclusions of S 2 as factors of S 2 x S 2 determine the standard basis for ;r 2 (S 2 x S 2 ). Let be the matrix of the intersection form • on TT 2 (S 2 X S 2 ), with respect to this basis. The group Aut(±«) of automorphisms of 7T 2 (S 2 X S 2 ) which preserve this intersection form up to sign is the dihedral group of order eight, and is generated by the diagonal matrices and / or
* • ( -. ; ) •
The subgroup of strict isometries has order four, and is generated by -/ and / . (Note that the isometry J is induced by the involution T).
Let / be a self-homeomorphism of S 2 x S 2 and let /» be the induced automorphism of 7T 2 (S 2 x S 2 ). The Lefshetz number of / is 2 + trace(/») if / is orientation preserving and trace(/,,) if / is orientation reversing. As any self homotopy equivalence which induces the identity on 7T 2 has non-zero Lefshetz number, the natural representation of a group n of fixed point free self homeomorphisms of S 2 x S 2 into Aut(±») is faithful. Suppose first that / is a free involution, so f 2 = I. If / is orientation preserving then trace(/*) = -2, so /* = -/. If / is orientation reversing, then trace(/*) = 0, so use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700032006 [7] On 4-manifolds 143
Note that if / ' = r / r then /"' --/», so after conjugation by r if necessary we may assume that /* = J K. If / generates a free Z/4Z-action the induced automorphism must be ±K. Note that if / ' = r / r then /"' = -/*, so after conjugation by r if necessary we may assume that f t = K.
Since the orbit space of a fixed point free action of (Z/2Z) 2 on S 2 x S 2 has Euler characteristic 1, it is nonorientable, and so the action is generated by two commuting involutions, one of which is orientation preserving and one of which is not. Since the orientation preserving involution must act via -/ and the orientation reversing involutions must act via ±J K the action of (Z/2Z) 2 is essentially unique.
The standard inclusions of S 2 = CP l into the summands of
determine a basis for 7r 2 (S 2 xS 2 ) = Z 2 . Let J = (Q _°j) be the matrix of the intersection form • on 7t 2 (S 2 x S 2 ) with respect to this basis. The group Aut(±i) of automorphisms of ;r 2 (S 2 xS 2 ) which preserve this intersection form up to sign is the dihedral group of order eight, and is also generated by the diagonal matrices and J = (°Q)-The subgroup of strict isometries has order four, and consists of the diagonal matrices. A nontrivial group of fixed point free self homeomorphisms of S 2 x S 2 must have order 2, since S 2 x S 2 admits no fixed point free orientation preserving involution. If / is an orientation reversing free involution of S 2 x S 2 then /* = ±J. The automorphism induced by the fibrewise antipodal map is -J, as this map clearly changes the sign of the homotopy class of the fibre, which has self intersection 0. Is J also realizable by an orientation reversing involution?
The homotopy type
We shall assume henceforth that M is a closed connected 4-manifold with finite fundamental group n and that x(M)\n\ = 4. Moreover we may choose a basis for n 2 If n -Z/2Z and M is orientable then n acts via -/ on Z 2 and the ^-invariant is a non-zero element of // 3 (Z/2Z; n 2 (M)) = (Z/2Z) 2 . The isometry which transposes the standard generators of Z 2 is it -linear, and so there are just two equivalence classes of quadratic 2-types to consider. The ^-invariant which is use, available at https://www.cambridge.org/core/terms. https://doi.org/10.1017/S1446788700032006 If n = Z/2Z and w 2 (M) ^ 0 then there are two possible actions of n on Z 2 ; we do not know whether both can be realized, but in either case, H 3 (n x \ n 2 {M)) = 0. (Note that in this case the argument of Lemma 2 breaks down because E 2^ = 0). The nontrivial RP 2 -bundle over S 2 is characterized by the additional condition that there is an element u G H 2 (M; Z) which generates an infinite cyclic direct summand and such that uUu -0 [8] . As ker tr = Z/2Z there is at most one other homotopy type with the same quadratic 2-type as this bundle space.
If n ^ Z/4Z then H 4 . The it-invariant must restrict to the A:-invariant of each double cover, which must be non-zero, by Lemma 2. As H
